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Infroduce the seb

U= () N

An element we U can be wrtten

w= (k- u, )

[wa shall oﬂz@n wrte U= wu - u, ]
We ol ()= m the jmrw‘rm of W
CONCATENATION  RYLE

’f"r u=uw; ..., £ v- Vieeov, de#‘m,
UV o= g Uy Ve Uy

NoTE : M,¢:¢u,:u,.



A />/ang, tree T is a ﬁm‘f‘e Subget of U
Such bhat
) peT
(iv) ,']F w=w...u, € T (n22), then
W w..u,, €T

(L\l‘t) "Dp(‘ wetT, 'L‘Le,re, eists  an integer ku;O

st- 74;4‘ l/'fN/
uje T > 1< k.,

ViEwroiNT. Tt s usehd bo see each hode weT
oL an A‘ndfl’fdua«(/ where :
.« WET may howe  children,

W ET <€)<k, a !
J= s T e

e o 4s the inihial
ancestor (/uw/uﬁm 0)

\ Ul
O < rook



NOTATI oN .

We denofe {9}7 T the sef 075 all /b/an.o, Lrees .
The %ize [T] of a tree TET s fs number

of edges (so [T]= #T-1 ). Let

={T€T, /Z’/:k/ (k2 o) .
Fact . # 7/;< — Cabkr= EI:/_ 5/7
Toke a tree T Draw contour of T

(o e Ho right)

o R

This gﬂed o &71,wna; 07[' u/b/down
C (s)

W__?

time §

23 s



Ce = Confour funchon of T.
C,6) = height of individuad at time 2 in T .
-
Dyck /pm% of ley/'/u k 4s a Sequence Ay
of nemegative infegars with g =y so and
[ -z, [=1 S all e {fi,.., 2t}

Cp s a Dyck /mef of /elilg}’/’l ) - o«

[eb k2o, The Malblb/y T~ C, i a
byjechon  frm [, onto the set of Dyck paths
of Lergth e
FRoo¥ By P CTURE .

In orde 1o gef T od of  Co , stek
Sorme 94«»6” underneath the /om% C,. and
fold €y .

N

Ylue

I ' Y=Y thic ic T .



Let poa /m/mén‘by measute on 2, <t
> /Z/u/,%) < J
k-o

[/u, s Soid to le Suém%'ca/)
We assume Ula{' I 48 h/on—ﬁ(ijm?‘el L2 /¢[/)<1 .

£
L0 (/{W M,QU) uc{ law f«.
and de#’w
T = T/‘ = {ueu/: l{jS/u/ u; < Ky, ';/,f



2)  Lef Z, <= #-,[ueT/ /u,/:n/ , n2o0.
Then /f,,,/hQO) S a Gailton- Walson proess
with, a[fg/;n‘?ﬁ cistibubion  pe .

The tree T s caled o Ei@n@meffﬁwﬂﬁn/

Watsom (BGW) Cree  with 0,459/;:1‘37 distrbidion p-

We shall wnte E. for the law of T, (this

i« o /nuété/[y measure on 1)

Tr a bree Te ’T’/ and, j‘e { l, .-, kﬁ(r)f,
TJ(T)=waeZé.- ju € T/

77'( ‘C) 4e o Cree. 1) /
T
<

We Q«;M/zg W"I‘IL& T'j instead af TJZT# ) 74f‘
\%& i«ﬂqﬁl‘f 07[ 7:“



oooooooooooooooooooooo

T
Under 77; ( / K, =j)/ the shifted
treed  T' ... TV are d Sa/m/y&d oA

Proposition.:
7:0r‘ T E T/
- T
B - T k=)

TroofF- Bj o&#m%’m r]g T/

T=T <= YueT K, = k.(z)
Hence

7@('&) = 7/3(/7 )/Ku: ’éu(‘f)/)

(ﬁ) TP ﬁ(u - %w[t))
Wwe v
- T plhiz)

ue T o

/4 .



We r‘f.r/‘rf(% 7La a Ibarqu,.,/a,-y Wice. /u,;/,dz o

/up[/c)z y/ —I/ ke 2,
Tn Hhis =y
. k%a /c/,(o (k) = | [m‘ﬁcd}{y]
[-c) - & el cle/om,gm onL/y m [t/
AC a 00?\&67442'16&/ for kzo | / kef = k)
AL W'L the /ménév% /mddlut m ’T’

The reason w }:7 /,(,0 &  hicer 45 the fa/év W/\y
Connechon 1o S/;Mfk rardom walk. [et [8,, , n?o)
a SRw Started .f.,om, Sa =0 . :Deﬁ‘n,p,

= t‘nf{nzo: Qn=—/f.

f’vm*e path (8,8, -

Fa/‘/ﬁw—ar/ a  SRW  excurdon  remaind h»ohm.jaf've/



ooooooooooooooooooooooooo

ooooooooooooooooooooooooo

The Dyl path Cq, of o BaW(w,)- bree
As o SKRW exwwsm.
PRoof.

We prove  that the tree T encoded Ey the
Dyck path (S,, .., 8,.,) is indecd a
BGW (o) = tree.

We revead the children of g in T at follows.

VAR

—

" Sulfrees Correspond to Sub - excurs'ons
More /;rea‘s:y/j, we infroduce the mandom times
U := m./;fnzo.- So= iy
V, : = thf{nkc: S, =0/
and raw;m{y for 2!
Yo b - S-1p & Yoom o ool



Let K:(,Quf{‘)éz, Ujscrf

K is the number of Sub—exursions” in the
above pichuce. Thy construchion of the

MFP'C? C, T whil tat k= /c¢ (T) .
On the othor hand, it olso  implies thet the
shifted trees  T(T), , TT) are the
trees  encodod éy the Dyck Pa,Hu

c;(n)= 8 (Us +n)n0f--1) -/, 0&n < V. -s i

ﬁﬁr 1¢0 £ K .

P ,_Bj ‘HLC/ S/"I‘W& MW'/COV Ibwf:\e/‘@ Il/en, /(::'&
bhe trees T C T) . Tt (7T) oare Ana(afwc/m{’ .

. :Fu,lew/r'mofe/ -,[:)r :&131/
P(K> k)= P(UsS o, -, U <0)

Markoy Fep: at V,

“-L'— P@/S‘T)' 7/9((/{50'/ o U/<-,

- PWsa) Plkz+ky
‘BJ recursion this [roves Hm’:k #r all 74;//
Plk=4) = PU<c)

7)

IN



Wote that  P(U>0)- P(S=-1)- 3 .
Theafore P(k>4) = 2% and bhis

chows Fhat K s fo = distribuyted .

Theg two  points enture thal T 4s o BaW() bree .

a



Let (E/ ﬁ) a meatwrable Sladaz,_

A f;m‘ra‘ measwre. g B ds a  measure of

the rm o
f 2 65, , mENUfesf

. .6" —
4= eﬂ':e E

The sef o,f Fm‘m" meafured o E is denotfed %[E)
It hae a natwad o - f.’e/d j"’mkf—d % the

l'na,/)};;ry.? Ye M,,(E) — Y(A) , pAet .
L.t pooa 0"1&‘#\4("6 measure m (E, ‘f)

A Foison  randont mealSuré m E WIHL

ihf”&n&;'fy P oA & v N in MI,(E) s t.:
() For b Ac, NA) ~ P(u(A)



(i) For any disprinf sebs A, A, €%
NCA) ..., N (A ) are independent
EXAMPLE.
[et (Nk)tZD) . Toisson proess with /J’W"&'Lef A>o
Then the proes N defired a
M([oll;j): N, tzo,
gi\/w a  Priscon random meatwre o E=TR,

with x‘hhmhﬁ pyry

Fois2on radom Mmeatures  exist-

Leb 1 a O"ﬂm’/'a Mheadwre M(E;%)

A Poirston /—m’nf towss (PR) m E wth 4}1/\7%:;7\'7
meadurt n 1S a (Pﬁ&fo’h W—dﬁ’m mealure.

m R, xE with inﬁ%éﬁ b ® n



EXAMPLE .

Lk X be @ L-EV\l; Fr'oce,e& with Lefg measure A
Tk‘— lorbceeé
Ezo

N (Oyedx ) = #fosseb . XG-Xe)eA}  neaw
de#m a FFPP M‘H» infen&'@ measure A .

Lt W an M/,(P+XE)~W»&LMI v
For all 20 and Ach, Lt
N, (A) = N([ot]xA) .

Thn N 4s a PPP(n) :f][

() Jor all Ac% vith n(A) < 2,
(/\/t[Af)/ L—go) s a Iogon froceas with
parameter  n(4).

(5) Afor bl dgjort A A, €% with (ke
the prowstes (N.CA D)y -, Wi (An)) are
tMC/)M&/Mf‘.



(2) All you need to know about PPP’s

Let A 2 TPP (n ) .
The foltowﬂl? fwo 7[orrvw./a.s are. MW/'M

For a,% M/’(h.\pymé‘l/o mealu ra ble ‘ﬁmUL‘(ﬂlf m £

(v) [Cm/bé&él ‘4 formula ]
EL, [ fow) Htti)] - [

L

[ flt=ddenis) -
E

(/{L") ["zx/’-orwméa/ /brmw/a ]
E[ep-[ [ ) X)) ]

= e (’/AL(/— e 'N}L’x)) dat %[dz)/

It s aleo D/f'en u!e#l fo relafe Ilfrbiszr/fed wrdler
n' ond ' popertica urder P": this is the
confent of the fo/low/y theorem.

Technicak print : we weed to Sume that (E¢) is a
mefr c Spate with afs Borel o feld.



oooooooooooooooooooo

0< m(A) < oo .

«:De#m, 074:= /‘n/{L?O! /\/&(A)?/} .

There exisfe an E-valued — rv e, t.
Vee % M(fG;}xB)s /I%AQB

The law o.,[ 6074 48 fil/eh, 5\7

P EB) = n(4ns) Be % .
( *&% ) ) 7
Vi/bor&al/@u) a, LL .
PRooF
Let wd W}t /J’LOV{, H@ #ornwu/a #r‘
the [law 07[ e’ﬂ‘p, Leb Bc A

In tams of N, the et Jo. cBf s the
cwenk Hhat N (B) gumps before N (AIB) -

LeF TB - /sF J""’”‘]D 7[7hfLe, 07[ /\/(:(B)
TA\B = i Jum/b fime o./ N(; 64\?3)
Then TB ond 7;\3 are ,eXfaN/u'kwé v with

At!fecﬁu(_ /Ml/‘dln&%&% fn_(&) and h[AlB) [Sﬂ‘n&



N, (B) aond Ny (A18) oare  Bison protescs with those
FMMM) Moteover, B and M8 1””1‘7 My@m‘;

/B and 7;,(\5 /—o}w«dw—?"
///Lw%r&

n (B)
W"’% c8) = P(7,<T,,)= )

by simple cadewlabon.
(3) Brownian excursions and Itd’s theorem

ek B o shundard BH starkd Lo 0.
The  Locad {»m, of B[M—O) & dufmed by

L. = ;ﬁr—:wo / 0($ IBSI<£_ a.=.

ooooooooooooooooooooo

Proposition;  [Totber, veak version ]
The  pocss (Ly , £20) s a continuons
Non - decr‘ea,g;y\l? procees . /P&orcw%/ the sef
of increase /;m'n%s of bt Ly s as. equdd tv
2= {tx0, B=-of.
Intodute fhe invere Local bme

T, o= inf {{;;0) Ll:>3} ) s20



Then Z = {Ts‘,fs ,s?OJ' a.s .

7k

Let D the d»iSconlej %t of T.

The intervald (‘CS-) 733) , S€ED, are the
Conne ¢ fed wmlaohmf's of .féao/ B, #0}. Por each
p£ Hwk, , One Wf? c&]&u_ I a.(!oaa/'ea( excurbon

Call E the set of exwrtions ie.

(v) elo) =
{ k+—>R Conbnuoud s Gi) g(&)s,,4{é>0/ et_—o}e(a,w) j
and  eft) =0 Yt2 Z(e)



Theee is o notural distane o E, ’ka(?
dle,e') = (;8:4: /6/4')-6’/14)/ + /Z(e)—g(e’)/ .
Leb & the asocated Borel - Lidd

The {é/lawy theorem, due to THs, is the shurt
of  oxcursim  theory .

;Theorem [ Its |

The /’”WL e afure
sZe—JD gs,es)

R }bam/- proas m E. Its /n/'en&‘?
measure 4SS denoted n  and calld the Fs
eXwsHion mealurt

Ore can wrfe m= m, + in_ where n, and n_
are caricd om the sk of /:u&;él'/ﬂ(E_’) or
hejaﬁva (C.) excursiomu red/ecﬁw/fy,

We shest that n, 0, n_ ar A'nﬂ‘n,«‘/‘e,

mealured  due Tv the contrbubon o—,Z small’

wXuurs ond |



(#) Properties of Itd’s excursion measure

ﬂw Scalfy /b»p'bel“iy of B fmmaé’a#&\/] A"Mf'éiu
an amwﬁvju& unoler in.

leb A>0 ad  defing

g. : | E— E
Py
e ko)
Then GLon = A n

The 129/(00‘/»37 fwo resulls e mice aﬂl‘mﬁbu
0# ‘PrP ’IZZ&[’IGf7lAM :

or b
F eéE/ 7 zﬁ[&)= Su,/o e{s) |

0



-;gr‘ M %70/
n (3[@)2 x) = \}Tﬁ-

FPRooF.
We m\@ prove the skitemmt about the duabom
(the hight s similar ) -
Firsh, mole Hhat for any A>o, and ee £,
$(6Le)) = A% z(e) .
Hene %7 the /du,ﬂ‘:y /Jtosz\l? 07[' n,
n(ste)22)= n(x%3@)2"1)
_ n (s(% (e)) = /)
- L n(3(e)=1)-

A

Tt remains to show that /n(g(‘@)a/)=\/%_,

Call C := n(3@)=1) .
Nofe that Lor all s,

T. = 2 3(e) a.8.
re>D
rég

ad o reswlt of the fect that



1){;6[0,'6&), Bo=o0} s Lclouju—ny[/oq//é(z,
Hence {37 the fX/Johuul)'wé ﬁrmu.(a *FD{‘ FPP

E[o7] - (- [ntde) (1-5%) )
TF fums owk that the laplace fransform of T,
AS ac known : this gives E[e_tj] e
Thic imlied
J/n(de)(l —3(6)) Vo
On the ofher hand
f n(de) (I-e S(C)) \f/n(d@)\/g(@/ )
Jdue - /n(SCe/>w)
_ cf A €
= ITc
Hoe €= (% .

i ‘_['Lg measure I, 1S characferisedd @My
r- firite  Mmeasures o E) }7-7 the 74;/(4)1"/’3 b
F’»o/;zr*/ﬁeo :



(1) for tro and fe C(R,, R, ),
n (F@l) Uz, ) = [ ° ) g, (e) de

Where - Y e- x"'/.z(:
T e

(ic) Leb tr0. Under the conditional f«o/oalw’[ﬁy
measwe i, (- /g>l;)/ the process
(4; ﬂ’ﬁ')/ F?O) 4 a BEM b//{p[ mL HLL pr/(‘7in_ .

& N law %
Mﬂ :
0 g 2(e)

We how ale#ne, o Varank o]C e HDO measure n, ,
Condihoned on z2=1"

oooooooooooooooooo

oooooooooooooooooo

T?me exists a /u,m'W co//ec?‘)’m ﬁn(s)/ s>o) 07[
f:wé%é?[?@ heasune om E 9t



(4) Yszo hg (3=5) = !
(41') Tor all A s>o, 9/{0 Ng) = /nuzs)
(i) The JéKPn/*ﬁm/v'm 7&%14 holds

)
n, = )
g "0/ wors® o

n,y 48 colleg the law ﬁ{' Yo normalised

Prownian  excurzon .
(l

NpTE : Ny = ‘n{'/3=rs) "

oooooooooooooooooo

.
oooooooooooooooooo

det T denofe the 0‘—7@&/4 Jmemﬁwl 9
the coordinate mappirge s efr) , <t
Then %of" telo,1) ne, 4 aLsofw/‘(/‘/] oo
w.r-b o, m ?; , with pa/on—(/Vf/eoi{ym dervabive

6{/”(/
c//h.;.) /ﬁ (e) - 2 7/-15(6({7))

b parbeudar, for 0<G < <l < |, the low
of (€lh), -, e(b)) wnder ngy hat dinsty
2V qt, [79) f’{;b,(“l/’!z) "‘ﬁ:tp_l [xp-u ’?‘») 7,-(73(*]0)




Whert F:(z(j) are  bhe  franshim dm%'%ojl
BMm  killed af 0.



. LECTURE3 - CONVERGENCE OF
5 CONTOUR FUNCTIONS

N ANEN

T C

<

................... %r k? /} /ek 7;6 um\%}m in .-2)—;c /
and. C. b confour %unc/fm. Then,
(cl)
1 ¢, @kt), o¢t<i) —> (eft), oct<t
(\10_2; < ) k_)\)@( ), © )/

n 5(@,0,7}@)/ where € has  law n, -

chaﬂ the JLL]&M}‘{/YV ﬂ/‘ﬂw\fam&/ﬁc pﬁfslbn'/}y
diskabubon -
(k) = .Z-k—l ke 2
//‘p - / +



We Saw in that we can Sam./)(a— T

wniform i T Jom B (. [ kl=k)

Hence  another W@ 7L0 f)ornw/afe, the oboie
thorem 12 thaC  contour %A/lc?élﬁnd o/ Bew( 1“0)
brees Seale to the hormalised Bopvn'an

Keuré-~m -

3J , G ae a
SRW  oxcursion  Condiboned 1o hawe /ay% 2k .
Tt e nay rephase He theortmn  ad follo ws
Let (8, , n2o) o SRW Stuted from &,=o.

:Deﬁm/ o = ,‘nf{hzo: §n=—lf,
We med to show +hat under

(\(_—.z,l: %W , 0<tg ﬂ (a[(;)/ osts/)

which: ¢ a Sort of tondibomed Donsker theortw”



To /ywv(_ [’&IQ/ wWe /bwm Conue\rjma, u/ my/nald
and. fithLm/!J [Mb sketehed /La‘c,)

Leb ¢ 71, 2k} and Le 2,
Then

P(&=2 | o= 2kn) = P(Si=4, 0=2kh)

ﬁ’@‘:zkﬁ)
Bj the  simple  Markov /r-toi;er{y at fme i
PR -2, T= 2ks)
= P(Si=4,0>:) F (0= akr-.)

Now  wole +Hhat ISi=2f nfosi) 4o the
event  that the Hime - reverced  walk SZ_(W)-':'S(_%
shu-/w'n.; at L does not Wik -1 before time i
and  Sabstes S{T- (v) =o .
Sine S and 8 hwe the same  law

P(Si=¢, o> ) = E(Si=0, o>i)

= 2F, (0=i+)




Torefore

?(g =€ / f—og/c_,d ,?,@ @’=i+/)-pz (V:lkﬂ—i)
(A = =

7P(O‘: 2kt) )
We how ufe the 7[9/1014\/1':7 classic ﬂfjumm‘f.

§Lemma§ [K&M,/g@(‘m@nfs %amm,/a, , weak Vcrs;‘g-n]

For all Le 2, and n>l,
A
7’2((7‘=%)= —+(Wz(6h=—/) )

n

ProoF .

S’ulb’;o&g/ 1":&//"‘12'») 48 @ SWLL_
of Ancre meats a:,[ the RW & that & =-1 .
’)%n/ 0./\:/7 Cjc«é{c Su&

(m)

=€ ;:[‘ZM/Xmﬁ/“'/ 74,,,,/9(,/ "’/Z""‘/)

oo 4e . HOWW o,Z Hem Sa,/w‘s{? @=%?




We clin tak = n e ™, and oly
o, mo oas oo (lscending) record time  for
€ e the /w% X fiak ks 4 ab Hime
m . for Some g’e{—/,o, .-./e—/f , Indeeé{/
i thic e ok the aee  then ZE™ ol reach

s amininum (Which is < -1 ) before fime n
There are  (4+]) Such record Fires | henc
()  <hffs ™ it =

Then Sinee each ™ has sane robabildy
P(T=n | Sisa shftof ) = 2

n

The  resudf %o/[owf /a:/ Swmnu‘\rj over /qa%(l{e 5 .

a

Gpiw back. J?? Convz\ryu‘u_ of MuUiMlJ/ +/te abore
/emm ,[MP/&%

P(3i=2 | o=2k+1)
2@kH) (1) B (Su=-1) B Soni=-1)
(i+) (2k#1 - 1) P ( Soksy = 1)

We want to /mv.: that

ok P oy € 0ok} LaEjs1} | o &M):plf'ﬁ%é‘)ﬁt[")

)



/umyfor'mg on mpact sels of 2. 7%,”57[;”, we Take
= [2et] and Le {VZE/, LA+ } n (¥) .
We are ho W /e/f w/'/’/v (I/wwn;i«‘ﬁ'ond) a#‘mféd m

8/ narely

A @3% 2 k) (elot)+) |

< (2eti ) @hn-ebt))  Pleyu=-1)
anol

B *): = Z 772 (%2“‘2\‘“ N —]) W;[SZk-H-LZkU:—}'

L € {kVZ), L]+ }

:-co.--co.--oo--: FA
: Lemma : - ¥2s

300000000000000& 5 L&t, 7}£ [Z) 0 e
Then #f all »o,

Qu Su,/) /J_,,:_’,F(SLMJQ \j["‘/-“:.//b_:f/):“f‘l_(})’fs (7‘)/

xEIS S> E

V2T

—>. 0
M—> o



USing this  Lemma , we see +u+

Ak(%) ~ 2aT (B =t 1‘:(/ b)

and.
B, (x) ~

- b°

% pr (¢) Pre ()

ond.  Hence

(2 P Sy € {0k} Lz J+} | o- -Z/<44)
= Vik - A [“) B (x)

—> +/m

pe ) pre (<)
k—?oo {_(/ U -
= il V(7 (x) D& ()

TS puves Hhe Commerinse of st ordar magginal
A modificabm  of the wcjfwmu% works for
A@Iw/r order Sy 2D ngm& Lo ‘9”‘7’4’&‘@-
For  0< i<01‘< 2k and  Gme 2,

{)7 the friat s/-el; in the alove aywm,al,/'/



?(3;;@/ %‘:Am, g = .z/<+/)
2 B (7= ) B (Siz=m, 0>ji)F (k1)

The fisk and otk ferme are the ame  as for
D marginals; it remaing fo dead wth the middle
me . Bul nole that
(S =m. ). a5
- B(Gc=m)= B(Suem, 0%j)
= B (Sc=m) - F (8= -6n2)

[}
—
v

TAzSe W?ﬁ‘/‘fcd ore Jdlvnm,f:u{ M{ftﬁ the L&mm .



TIGHTNESS
Let ch,x“ ---,zﬂ‘) a $]ck /bm% of l&gﬂt 2k

andk  Contider Some i e fp,i ., 2k- i
(e (1)
Ohe (Can dzTﬁm a/noll'bl .:Dy&k 7%7% (o )/ -2 X,

Vooked af the i-th wrrer” ad fb/ép we :

y 8

‘W\.QMPP\% Eé{ is a Lﬁeoﬁm m  the st g{f
D~1d< FAH\A with |M5H\ k.



2 (_[) = X+ S/ min z,
) 3
7 / “A(i@j)<n < i viig)
Wﬁef& L@y = )//1;} AF 1+j <24k
L+ - /7[ HJ’ >k
Denofe 5
C.7 = mn Cr ()

% fhe /»m}n«i discusgsn %rm\»y 1’6{0/,,.)(,2/%

L‘,z,'@'
(Ck(i)’* Ckﬁ'@g')‘oz ¢, , Osy'szk_)
(d)

—
—_—

(GG) s 0s5¢2k)

Coming Lock o Hhe proof of Fightress , e v
b check  Kolagorsv /s Hghtnass criferion.
For  0%i<j< 2k, anl pEZ,,
E[ () -6 )7 ] |

< E[ GG)+G(-2¢%)" ]



Bj above , e f"-"'
El (G(G) -G (r))Z/’] < E[ ¢ (J-‘)Z’“]

Assume. :

Then we have oé/‘w‘ned
E[C G)-c. )P ] < k. (5-i)F
ﬂ.e«re-fore,

E[ (Q(Zkz_;q(z@)zrjs o, (b7

%pf MC s/fefailj-

This concludes the /MD{ gf Jjﬁh/-% ((oduts
‘H‘-b 6664111641 /emma)



A I’Za/( f"t@ 48 @ aamfaﬂl m/‘dc SIDAU— (T/d)
Such bhat 7@‘ il abe T -

() Thee exsks a MM?M Gome fric mlbfim;
{a,é Loy da b)) — T st far0)=2

Fal ()= &

(<) For atg Conti nmoud njechTn 9: (o] T

with, 7(0): a and 9()=1b, we have
7([”/’_7) = é,), ([”/ 40‘/9])

/h ‘H-.e S<7u.a// We .S’W M& C{)n&;‘éﬁr /LoolLeﬂ(
el Crees , e, we have 4{’37L’:7‘4"W
Ver Fex la =p (T) called the oot -



INTERPRETATION ,
One  should  think of (T,d) 45 a unon
DF Line Symuf_g w;/’ll, ho Lyc[éﬂ

§ fw rds e

3

dok) = length' of pink path .

VIEWPoiV T How ﬁwl jenea/of&! An ['7‘;%).7 ’
Denofe lrd»,

[«t] = £, (Lo 4ab)])
the tbrace ”é Ho fm% bbwesn, & and b
We ,(Ju/bret” [{o/a.] a8 the ancestral
/Ziua?e/ of a . /‘lny béLo/a] s i an
ancestor p{ a , and we wite b < 4



Mireovec , #r all a,Aé 7’/ there oisfs a
Mmf,a cizanb € T s.t.

[(aza’] ﬂ[/—:‘a,l;j = [F)C]

anb  is the mosk recent common anestor of a,b.

We Somchimes cadl  vertivs the elemonts of T
The WIL//?&‘U}? o]l a7 s the humber ﬂ/
tonnec Fed ODm/;onme o)f T\ faf . Leaves
are  vehas with  muf ﬁp@‘a‘/y /.

We how deccnbe a way o obtain real treed
741»»\ oxcursion ﬁ,m chond .
Let j Z_—o,g—> R, (ﬁ%b) with ;/o):/(/):a,

~

T (¥)

L




for s,telo] , we seb

/}’n,[SIL’ = A (r)
/ ré[s:f,gvl:] 7

Lok
c?(ng) = ;(s) f;(f) - 2 m(3t)

03 42 a /J&«.oﬁoine, bric on Lo Ij :
Infroduce +the e?u[m,&n@_ red a bon
s~ E - o{i[s, t) =0

7} = [o, ’J/N

5 £ =7
the canowmcal frwajlecﬁ‘oﬂ.

ooooooooooooooooo

a%) €S real tree .

We m;zj view it as a roofed Eree with
/I/Ooé (0 = Tf (0) (/)



We need +o make <Sente a:rp Conterqente of

Corm/;acw‘- ane FHc S}ba.cu_

Let (E/ S) A  melnc Q/Jaa, for fwo com](;adr
K/K'cE, Lthere s a mobonm o-f aL'SIZ«ha,

rmm&

SHW (K,K') S = L‘h.{lfswl Kc Bg(Ky anaol K'CBE(k)}/

ke B (x)= {yee, $(X)<e]

/\/;7W Alf (E/;&) and (E.Z/ FZ) are  Fwo
d-oinf’cd Com’bacf ma/‘HC SFaa,A , e OIL]E"YLL

the Gromov- P/Molorjff distance
O/G-H (E’/ EJ) - i;/ { gHmJ(Lﬁ [E/)/ (702(5,2,))
v 8§(4¢), £.¢.)) }

Here 1\;{ as over  adl mehic Spa e (E/ 3) oan
a/’ /{Som_g,h\'ﬁ WLCLI’&&V?S l‘ﬁ c E) — E

t{fb; E,— E



We Say Hat E and E, ot %‘Vafu._k ,,'_{
Here s an /LQome_‘/‘ly between  them &wd:y ¢, To 2 -
/\/a/?’y that dGH [JZI,EJ’) M{? dﬁW m the
W‘m/&n@ claises o/ E, and &, , we thtro oluce

K = 3/;4Q 4 W‘va_/em‘ cladges
o«/ Pini‘d aompac/ mefric S/gac@d-
SRS : O/GH 48 a melic o K oand the
tpace (HC/O/GH) 43 Sefméﬁ ord 60’“//‘{”'[7’-

The ﬂo//owmj crucial bound reduwd the
convergence 07[ trees o that of contour -ﬁm&‘m.

ooooooooooooooooo

............... . L@E g/;/ &Wﬁ excurs’ on %"“O/)M

UZG-H ((72 p 72/) S5 Z//;‘;///M .

(n Pafﬁ'w(af 9;——9 T s Conbmmoud -

J



(#) The continuum random tree (CRT)

ooooooooooooooooooooooo

ooooooooooooooooooooooo

The Brownian conhnuum randomn bree (CRT)
Ae  He random real Cree 7; . Tt 4 a

random  varialde.  in (J{/ OIG;H)

ooooooooooooooooo

or k>, leb T, um‘#rm an T |
We gee T as a mhic Lpate with the
?MF/L distance oy o Ty Then , we
have e  tonvergente «n dishibubon

(72/@%- "//e) k:d; (%, )
an the  mefre space (K, O/GH) .

FRoOF.
thwa 'Hla‘l' Ck denotes  the contour 7£uhc7’7“oh



07[ T exfended a4 a ﬂmc/v'm o [01].
/\/DW de—’eerQ_
~ /
Ge ™ belad > o G (3
Notice that G 45  an ecursion %zxz/m«, andl,

as Auch de%neg a real CEree "7\’;)2;4)

o On the one hand, we proved n [Lechire 3 ]

‘kll-ﬂrﬁ ~v )
Ck — €

4n ‘H’LL umjgorm ‘ILbeeofy . T}u/ bowwl,
d@'—l (7’1 7)’) < °2//j' ////
/7 A
entails Ioj the  Conhhmoud /ma/./.,'@ Heorem  that
> ~ (al)
(7/:, / dk) 7 [(ZE y c/e)
/U’l #LQ, g/DQCZ. (/\/} Q/GH) R

. On the ofher Hand ’}E_ is. ASomehric to
a finfe wniom of Lne 37mm/‘s of /07{‘/»
TT’.?lI , whicdh  are ?Zuw{ accorvé‘y o the
;Mzﬂm of To. Thefoe, by defnibiom



’f dGH )
C/GH (([Tk/l/-ﬂ%dh)/((}:)/ ;’/:.))é El :

ﬂ%&b fwo 7@16/'5 /b'),wc our claim . O



A F/MM map 45 a 7&‘}4«(/?, Connected gmfﬁ
drawn  on the  sphre $° wfheut edge

Crosss n.?s. We view +them up Yo orientaton -
‘-M/Swiﬁ kom&omrf%'s/m,s.

We allow ?Mf(w fo  have h«w,/ﬁ/blc eﬁaor &734

EXAMPLE .

S A3B  A

For %mmc/»y reajomd | 'z/’ IS aonvew'au‘ o Congrder
/booﬁwf /b/a,har /ma/za ) -2 We wi// /MA/e a



—>

%‘Sﬂww grienfed @a(je of the map deroted e .
In tHhe Sc?«u.b/} all Plamu‘ maps will ke roofed .
The o/ejru c/e/ %) of & faw £ e the
mumber  of zdged counted when dram‘y *he
(inner) confpur of £ :

deg(b) _ s
a/eé(>:5

DUALITY AND THE TUTTE BITECTION.

Gven a f(muu map m, we can construct

the  dual map m' as follows




e Tutk é?‘gckm« S a L;;‘ec,{‘m bepwesn
/DWW' mape with m wya ard Wmnf"’/a%w
with n fa%» A 74,(@0(/21!\?01/(&71')'0’)1, 45 a

/D/MM map whose 7&(@4 are all of dﬁhee, ¢
Here is how  Fha 575&74‘% works (¢ Compare
with /:«Lwiaw.i o(munn?) :



Contider @ roofed thgulﬁﬁm q -

We M‘” See  how to conShuct a (/aée/(ed) bree ow]LofT

Let P be the roof verfex 01[7 He map (ie
+the on‘a/{n 01( He  vecor e )

Lebel  each werkex of Hu ma.p %‘j He dishance

"'D f (S&L I;{o’-\,wc oLLovex): we d_enohe. Lﬂd
¢(v) Hu, Ia,lst D-F vertex v .

Nobce Hat 4 Vand w are connected Lj
an edje, Ow)- d(w) € {—',I}



?\A,l""’l\-p/h\}ol't/ b.LSuve {71\.2. :
FACT - Faces e 012 He \pOlLoWl'j '?Orm' g
k

k.
R ret
k+2, k
] T
"simple tonfusent
(ice. at least one poar of opprite edges have Hre
Same Ia,‘soe)
We conshruck a subset of 47&; on Top

“1e .



[ 3

o for dimple faces . k+|<<::>bkﬂ

k+2,
(e .
"Umk ot the verfe v with mavmal lalel
ard  choose the 6{76 v, w) of? /ezu//y
Uo face to the lpt"
EXAMPLE

Lebt's go back 1t He or?/rw/ ma,f) and
run Hu, OLLM’& Ilﬂoua&u\c./




Mwy noo[- ié éj c/ec/an‘/n; Hm f‘ar;eé 072
2 to be the oot of 7-)/?)

The rzsdls'n? f“‘f& T(q) s a (roofed ) bree.
Moreover., it detines a Eifzu‘im beFween
Aoofed demju[a/rm wth  m {Mu ard
well —labelled —trece witd n edgos .
[ A bree 4S Sod To be WM’/&Z//&% 4-0/ 0y/4
iAS  verfices have labels in NT, with mof label 1,
ard fhe lobels of #woeighbouring verhicea differ

Ly at most /.j

In f;wbavéa‘l:sﬁ'c terms | it us very  eady to

Cample 2 ,Wu%orm Wﬁanﬁ,wfa%b% wikh

n {acu : ?},«Jf‘ Sami{s  a well - labelled trec
with m eaé/,&s ,wni#amg af  random.



W/? AS (/\"(7 ) a tree e

Su_/;/,og(; there  oxists o cyo/e th 7(7).
let ¢ +the mininad labef arourd fhat 676E ;
Than  ether all the  labels ground the cycle are
e, or we can find tw edged with

J

lakele @, et1) and (e+1,e) , e

= kS,

CASE | CAse 2

In cate , note +hat we can find a vertex
with  labef both ‘owfeide and ‘wsid the
076|£' Th's s dmprble  snee  labels are
distances ierum the  aoob | and the minimal
Labe L Grourd e cycle 45 e



REMAR K. .

. The LfJ‘an works adualtj beHer with
Po;nl-ed maps where we have another
d/isl%y@u(s/ewd verfex

A corollary of the CUS bijeckion s the
fo/Lowiy enumeration  result

let M, be the gt of Ibla,mr mape whh N edgey
& 7mﬂ’m‘/7u/ét74w with n faces
[Reca/éf that all /alarw maps are oo Ted /w/rc]
Then
#M, = Q= = 2" Gb,

n+ o

. szarka%y/ it kezf;: track of mefn e /m,,,/;a%a
07[ the Wmné,alﬂﬁ'm: lakels on the tree

recor o affsfana,{ %'vm A A;gﬁ‘;zﬁw‘s/ﬂad verfex .
o finally , there s an axtonsion of the previowd
é:«]é(km b [7/794,/‘/4#{ ;)/dhaf m/;4/ A to



BDWL/LIH‘/ D' francesco  and  Guitter . This

“E n /omr/v‘cw/m relevant 74>r other models
of  random />/a/lﬂ-r‘ Maps cou/b/ea( fo a

Shatishcal /;%79:@3 model .



THE END



